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Abstract
This study explores the application of exponential functions to model population
growth in ancient civilizations, including Egypt, Mesopotamia, and Rome. Using
historical estimates and archaeological data, we apply the exponential growth for-

mula

P(t) = P()ert

to approximate how these populations may have expanded over time. Graphical
representations are used to visualize growth trends and compare them with historical
timelines. The research highlights the utility and limitations of exponential models
in historical contexts, particularly when accounting for disruptive events such as
famines, wars, and pandemics. By combining mathematical modeling with historical
analysis, this paper offers a quantitative lens to examine the development and decline
of early societies, demonstrating how mathematics can enrich our understanding of

the past.
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1 Introduction

Population growth and demographic changes have been pivotal factors shaping the tra-
jectory of ancient civilizations. Understanding these dynamics is essential to decipher the
economic, social, and environmental transformations that underpin the rise and decline of
societies such as those in Mesopotamia, Egypt, the Indus Valley, and early China [I], 2].
However, due to the scarcity of continuous and reliable historical demographic data, re-
constructing accurate population trends poses a significant challenge to historians and
archaeologists alike. The integration of mathematical modeling into historical demog-
raphy offers a powerful framework to estimate and analyze these population dynamics
quantitatively [3].

Among the various mathematical models available, exponential growth functions have
historically served as a fundamental tool to approximate population increase, especially
during periods characterized by relatively unconstrained resources and minimal external
pressures [4]. The underlying premise of the exponential model is that the rate of popu-
lation growth at any given time is proportional to the current population size, reflecting
biological reproduction processes under ideal conditions. This produces the classic for-
mula P(t) = Pye', where Py represents the initial population, r is the intrinsic growth
rate, and t is time elapsed.

Despite its simplicity, the exponential model captures essential aspects of demographic
behavior in early human societies during phases of agricultural expansion, technological
innovation, and relative peace. Nonetheless, it is important to recognize that real pop-
ulations seldom grow indefinitely at a constant rate due to environmental constraints,

disease, warfare, and social factors that can cause fluctuations, plateaus, or declines [5].

PAGENO: 321



KRONIKA JOURNAL(ISSN NO-0023:4923) VOLUME 25 ISSUE 6 2025

This necessitates careful calibration of growth parameters and consideration of historical
context when applying mathematical models to ancient demographic data.

Ancient civilizations exhibited diverse demographic trajectories shaped by geographic,
cultural, and technological factors. For example, the Nile River’s annual flooding sup-
ported agricultural surpluses that facilitated population growth in Ancient Egypt, while
the Indus Valley civilization’s urban centers reflected complex social organization that in-
fluenced demographic patterns [2]. Meanwhile, Mesopotamian societies faced challenges
such as salinization and warfare, affecting their population dynamics differently [3]. Cap-
turing these nuanced patterns through mathematical modeling requires a balance between
the simplicity of theoretical models and the complexity of historical realities.

This paper aims to apply exponential growth models to reconstruct population es-
timates of selected ancient civilizations, drawing on archaeological evidence, historical
records, and demographic theory. By fitting exponential functions to known or estimated
population data points, we seek to uncover plausible growth rates and periods of de-
mographic change. Graphical representations and sensitivity analyses will illustrate how
variations in parameters affect population projections and how external events can be
incorporated into the models.

In addition to presenting the core exponential modeling framework, this study discusses
its limitations and explores extensions such as logistic growth models, which introduce
carrying capacity constraints, and models with time-varying growth rates to better reflect
historical disruptions. The interdisciplinary approach taken here underscores the comple-
mentarity of quantitative modeling and qualitative historical analysis in understanding
ancient population dynamics.

The organization of this paper is as follows: Section 2 introduces the mathematical
preliminaries and outlines the exponential growth model in detail. Section 3 presents
case studies applying these models to the populations of Ancient Egypt, Mesopotamia,

the Indus Valley, and Classical Greece. Section 4 evaluates the model’s limitations and
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discusses potential enhancements including logistic growth and variable rates. Finally,
Section 5 summarizes the findings, discusses their implications for historical demography,
and suggests avenues for future research integrating further archaeological and environ-
mental data.

Through this work, we contribute to the growing field of quantitative history by demon-
strating the utility of mathematical models in bridging gaps in historical population data
and fostering a deeper understanding of the demographic forces that shaped ancient hu-

man societies.

2 Preliminaries

This section provides the essential mathematical background necessary to develop and
understand the population growth models used in this study. We begin by reviewing
the classical exponential growth model and then discuss some extensions and related

mathematical concepts relevant to historical population dynamics.

2.1 Population Growth :

Population growth is the quantitative measure of how the number of individuals in a given
population changes over a specific period. It is influenced by vital demographic factors
including birth rates, death rates, immigration, and emigration. In historical contexts,
population growth rates provide insight into the health, sustainability, and expansion ca-
pabilities of societies. Understanding these dynamics allows researchers to infer economic
conditions, resource availability, and social structures that prevailed during different time

periods [4, [9].
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2.2 Exponential Growth:

Exponential growth is a fundamental mathematical model describing the process by which
a population increases at a rate proportional to its current size, assuming ideal environ-
mental conditions without resource limitations. This results in a characteristic J-shaped
curve where population size accelerates rapidly over time. The model is expressed by the
equation P(t) = Pye™, where Py denotes the initial population, 7 is the intrinsic growth
rate reflecting the reproductive capacity, and ¢ represents time elapsed. Although sim-
plistic, this model captures early stages of population expansion, making it valuable for
estimating ancient demographic trends before factors such as disease, famine, or social

unrest impose constraints [4) [5].

2.3 Demography:

Demography is the scientific study of human populations, focusing on the structure, size,
and distribution of populations, as well as the processes that change them, including
births, deaths, migration, and aging. This field combines statistical analysis with social
science to understand population dynamics over time and across regions. In the study
of ancient civilizations, demographic methods are essential for reconstructing population
sizes and growth patterns from archaeological and historical evidence, thereby offering

insights into societal development, health, and environmental interaction [9] 3].

2.4 Ancient Civilization:

Ancient civilizations are complex societies that emerged thousands of years ago, char-
acterized by the development of urban centers, social stratification, formal governance,
writing systems, and technological innovations. These societies laid the foundations for

modern human culture and societal organization. Studying their population dynamics
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is crucial for understanding how they expanded, sustained themselves, and eventually

declined, often in response to environmental, economic, and social pressures [2 [0]

2.5 Population Function

A population function P(t) represents the number of individuals in a population at a
given time ¢. It is a real-valued function where t € R, typically measured in years or other

units of time.

2.6 Growth Rate

The growth rate r € R is a constant that determines the rate at which the population
changes over time. A positive r implies exponential growth, while a negative r implies

decay.

2.7Exponential Function

An exponential function is a mathematical function of the form f(t) = ae®, where a and
b are constants, and e ~ 2.718 is Euler’s number. It describes continuous proportional

change.

2.8 Initial Conditio

An initial condition specifies the value of the function at a specific starting point. In this
theorem, P(0) = Py gives the population at time ¢ = 0, anchoring the solution of the

differential equation.
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2.9 Differential Equation

A differential equation is an equation that involves an unknown function and its deriva-

tives. The form Cfi—lf = rP is a first-order linear differential equation modeling exponential

growth.

3 Exponential Growth Model

The exponential growth model is a fundamental mathematical representation of popu-
lation increase under idealized conditions. It assumes that the rate of change of the
population is directly proportional to the current population size. Formally, if P(t) de-
notes the population at time ¢, then the model is described by the ordinary differential
equation (ODE):

dP

— —yrP
a0

where 7 is the intrinsic growth rate, a constant that measures how quickly the popula-
tion grows.
Solving this differential equation with the initial condition P(0) = F, yields the well-

known formula:

P(t) = Poert,

where e &~ 2.71828 is the base of the natural logarithm.

4 Interpretation of Parameters

e Initial Population (F,): This represents the estimated population size at the

starting point of observation, often corresponding to a known historical date.
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e Growth Rate (7): The parameter r encapsulates the net effect of births, deaths,
immigration, and emigration. Positive r indicates population growth, while negative

r would indicate decline.

e Time (¢): Typically measured in years or centuries, depending on the scale of the

study.

5 Assumptions and Limitations

While the exponential model is elegant and mathematically tractable, it rests on several

assumptions:

e Unlimited Resources: The model assumes no constraints on resources such as food,

water, or living space.

e (Constant Growth Rate: The growth rate r is assumed to be constant over time,

which may not hold true during periods of war, famine, or disease.

e Homogeneous Population: The model treats the population as a single, uniform

group without age, gender, or social structure differences.

Because ancient populations were subject to environmental pressures, political up-
heavals, and technological changes, deviations from exponential growth are expected.
These limitations will be addressed later in the paper by discussing alternative models

and incorporating historical data.

6 Extensions: Logistic Growth and Variable Rates

To account for environmental carrying capacity and resource limitations, the logistic
growth model introduces a saturation point K, the carrying capacity, modifying the pop-

ulation growth to:
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dP P

Although logistic growth better describes populations approaching limits, this study
focuses primarily on exponential models as a first approximation, due to the limited
historical data available.

Furthermore, growth rates r can be modeled as functions of time r(t) to reflect changing
conditions. Such models are mathematically more complex and require detailed data,

which is often unavailable for ancient times.

7 Mathematical Tools and Notation

Throughout this paper, the natural exponential function e will be used extensively. For

any real number x, e” is defined by the infinite series:

xr __ xn
et = HZ:O -

We will also make use of logarithmic transformations to linearize exponential growth
when fitting models to data. Taking the natural logarithm of the population formula
gives:

In P(t) = In Py + 1t,

which allows estimation of r and F, using linear regression on historical population

data points.
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Main Theorem

Theorem 1.Uniqueness and General Solution of the Exponential Population
Model Let P(t) represent a population at time ¢, and suppose the rate of change of the

population is directly proportional to the current population. That is,

dP
— =P, P(0)=P>0,

P(t) = P()ert.

proof
We begin with the differential equation:

dP

Y _,p
aw

which asserts that the instantaneous rate of change of the population is proportional to its
current size. This assumption, though idealized, is particularly useful for modeling ancient
civilizations during phases of unchecked expansion, such as post-agricultural revolution

periods where food supply and land were relatively abundant.

Step 1: Separation of Variables. The equation is separable; we separate the

We now integrate both sides. The left-hand side is the natural logarithm of the absolute
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value of P, while the right-hand side is a straightforward linear integral in ¢:

1
/ﬁdP:/rdt = In|P|=rt+C,

where C' is a constant of integration.

Step 2: Solving for P(t). We exponentiate both sides of the equation to eliminate

the logarithm:

’P’ _ ertJrC _ eC . 6”.

Let us define a new constant A = e, noting that A > 0 since the exponential function is
always positive:

P(t) = Ae™.

At this point, we have derived the general solution to the differential equation, parame-

terized by an arbitrary positive constant A.

Step 3: Applying the Initial Condition. We now apply the initial condition

P(0) = Py to determine the specific value of the constant A:
PO)=Ac"=A4-1=A= A=P,
Substituting this back into the general solution yields the specific solution:

P(t) = Poert.

Step 4: Justifying Uniqueness. To confirm that this solution is unique, we invoke

the Picard—Lindelof Theorem, also known as the Cauchy—Lipschitz theorem. This theorem
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guarantees the uniqueness of solutions to first-order initial value problems of the form

d
d_i - f<t7y)7 y(tO) = Yo,

provided that the function f(¢,y) is Lipschitz continuous in y and continuous in ¢. In our

case, f(P) =rP is:

Step 5: Interpretation in Historical Context. The exponential solution P(t) =
Pye™ characterizes phases of early population growth in ancient civilizations where birth
rates were high, and death rates were reduced by agricultural innovations and social sta-
bility. While such models oversimplify the complex dynamics of real-world population
change (ignoring resource limits, disease, or war), they serve as foundational approxi-
mations. In historical demography, fitting this model to archaeological or textual data

enables scholars to estimate growth rates and infer patterns of urbanization and collapse.

Example :- Population Growth in Ancient Egypt

Suppose archaeological estimates suggest that the population of Ancient Egypt around
3000 BCE was approximately Py, = 1.0 x 10° people, and that it grew at an estimated
annual rate of r = 0.005 (or 0.5% per year) during the Old Kingdom period. Using the
exponential model

P(t) = Poe”,

we can estimate the population after 500 years (i.e., ¢t = 500).

Substituting the known values:
P(500) = 1.0 x 109 - 2005500 — 1 0 x 10° - ¢*5 ~ 1.0 x 10° - 12.1825 ~ 1.218 x 10",

Theorem 2.Bounded Growth with Carrying Capacity

PAGENO: 331



KRONIKA JOURNAL(ISSN NO-0023:4923) VOLUME 25 ISSUE 6 2025

Let P(t) represent the population of a civilization at time ¢, and let the population
growth be constrained by a maximum sustainable population K > 0 (the carrying capac-

ity). Suppose the growth follows the logistic differential equation:

Furthermore:
e P(t) is always between 0 and K,
e limy ,, P(t) =K,
e and the population grows fastest at P =

K
5 -

Proof. We begin by solving the logistic differential equation:

Step 1: Separation of Variables. Separate variables to integrate:

———— =rdt.
P(1-%)

We simplify the left-hand side using partial fractions:

(Verify by algebraic manipulation.)
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Now we integrate both sides:

/(%—FKiP)dP:/rdt.

Let’s handle the integrals:

In|P|—In|K —P|=rt+C.

Combine logarithms:

P
1 = .
H<K—P) rt+C

Exponentiate both sides:

where C' = e is a new constant.
Step 2: Solve for P(t).
Multiply both sides by K — P:

P =Ce'(K — P).

Distribute:

P=CKe" — CPe™.

Bring P terms to one side:

P+ CPe" = CKe™.

Factor out P:

P(1+Ce")=CKe™.
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Solve for P(t):
_ CKe™
S 1+ Cert

P(t)

Now, use the initial condition P(0) = Fy to find C. At t =0,

Substitute back into the solution:

P(t) =

Step 3: Analyze the behavior.

- Since the denominator is always positive and increasing, P(t) is always between 0
and K. - Ast — o0, e — 0, so P(t) — K. - Taking the derivative of P(t) and solving
‘ZQTI; = 0, we find the point of inflection is at P = %, the maximum growth rate.

Interpretation: This model better reflects ancient civilizations, where growth was
limited by food, space, or technology. The exponential phase dominates early on, but as

the population nears the carrying capacity, growth slows down.

]

Example 2.1 (Modeling Population in a River Valley Civilization). Consider an ancient
civilization that flourished in a fertile river valley. Archaeological evidence suggests that
its carrying capacity was around K = 60,000, limited by land and irrigation technology.
In 1000 BCE (t =0), the estimated population was Py = 5,000, and historians believe the
annual growth rate was around r = 0.05 due to stable food production and low conflict.

Using the logistic model:

P(t) = 60,000 ~ 60,000
N 60,000-5000\ 005t 14 11e—0-05¢"
1+ < 2000 ) e—0.05¢ + 1le
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(a) Population after 20 years:

60,000 60,000 60,000

P(20) = R ~ ~ 11,883.
(20) 1+ 1let  1+411-0.3679 5.047 ’
(b) Population after 80 years:
60,000 60,000 60,000
P(80) = —2 : ~ S a 49,950.

T 14+ 1le* T 1+11-0.0183  1.2013

(¢) Long-term population: Ast — oo, e %%t — 0, so:

lim P(¢) = 60,000.

t—o00

Example

Let’s imagine an ancient city that started with a population of 1,000 people. Each year,
the number of people increased by 2%. This type of steady growth can be modeled using

an exponential function:

P(t) = 1000 x e*%%
where:
e P(t) is the population after ¢ years,
e 1000 is the starting population,
e 0.02 means 2% growth per year,
e ¢ is a mathematical constant (about 2.718).

Example Calculations:
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e After 10 years:

P(10) = 1000 x €*? ~ 1000 x 1.221 = 1221 people.

e After 50 years:

P(50) = 1000 x €' 22 1000 x 2.718 = 2718 people.

What this means: This shows how a small growth rate, like 2%, leads to a big
population increase over time. Ancient civilizations like Mesopotamia or Egypt might
have followed similar patterns when food, water, and farming conditions were good.

Why it matters: By using exponential equations, historians and archaeologists can
estimate how big a city or civilization might have become, even if they don’t have exact
records.

Interpretation: According to the exponential model, the population would grow
from 1 million to approximately 12.18 million over a period of 500 years. This reflects a
rapid increase in population consistent with periods of agricultural expansion and political
stability.

Note: While actual historical populations were likely constrained by resource limita-
tions, this model provides a useful upper bound for understanding demographic potential

in the absence of such constraints.

Example

Let’s say an ancient island was first settled by 200 people. The island had rich soil

and a mild climate, so the population started growing at 4% per year. We can use this
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exponential function:

P(t) = 200 x 0%
where:
e P(t) is the population after ¢ years,
e 200 is the initial population,
e 0.04 means 4% growth each year,
e c is a special number used in growth calculations.
Population Estimates:

o After 10 years:

P(10) = 200 x €%* ~ 200 x 1.4918 = 298 people.

o After 30 years:

P(30) = 200 x e"? & 200 x 3.3201 = 664 people.

Meaning: In just 30 years, the island’s population more than triples.

This helps

historians guess how quickly early communities grew and how long it might take for

resources like land and food to run low.

Why it’s useful: By applying math to history, we can understand how fast a popu-

lation may have reached its limits or why people had to move or expand to other areas.
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