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Abstract. In this paper, the concepts of fuzzy ideals and commutative fuzzy ideals of BCH-algebra according to T-norms

are introduced and studied a characterization theorem of them. Relationship between them and ideals and commutative
ideals of BCH-algebras are given. The intersection, fuzzy relation and cartesian product of families of them are established.
We discussed the homomorphic image and preimage of them under homomorphisms of BCH-algebras.
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I.  INTRODUCTION

Some implicational logics have contributed to give rise to the notions of a few abstract algebras such as BCK-algebras
and BCl-algebras. Consequently, another class of algebras known as the class of BCH-algebras has been introduced
in [6, 7]. It has been shown [2] that the class of BCK/BCl-algebras is a proper subclass of BCH-algebras. Several
aspects of this algebra have been studied in [1- 4, 25]. The concept of a fuzzy set, which was introduced by Zadeh in
his definitive paper [27], was applied by many researchers to generalize some of the basic concepts of algebras. In [5],
Hong et al. applied the concept to BCH-algebras and studied fuzzy dot subalgebras of BCH-algebras. In [28, 29],
Zulfigar introduced The concept of a commutative fuzzy ideal of BCH-algebras and other superior levels of
fuzzyfication and investigated subimplicative (o, B)-fuzzy ideal of BCH-algebras. Wang [26] introduced the notions
of fuzzy quasi-associative ideal and other fuzzy ideals of BCH-algebras. In 2004, Jiang and Chen defined
homomorphic image of fuzzy ideals of BCH-algebras and investigated properties of them [8]. Moradian et al. [10]
studied fuzzy ideals and fuzzy soft ideals of BCH-Algebras. In previous works [12-24], by using norms, the authors
investigated some properties of fuzzy algebraic structures. In this paper, by applying T-norms, we deal with the
algebraic structure of fuzzy ideals (FIT(X)) and commutative fuzzy ideals (CFIT(X)) of BCH-algebra and we discussed
the algebraic properties of them. We give several characterizations of them and established their intersection, fuzzy

relation and cartesian product. We characterize FIT(X) and CFIT(X) with ideals and commutative ideals of BCH-
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algebra X, respectively and will show that any CFIT(X) will be FIT(X) but he converse of this assertion may not be
true. Finally we prove that the homomorphic image and preimage of FIT(X) and CFIT(X) under homomorphisms of
BCH-algebras will be FIT(X) and CFIT(X), respectively.

Il.  PRELIMINARIES

This section contains some basic definitions and preliminary results which will be needed in the sequal. For more
details we refer readers to [2, 5, 6, 8, 9, 11, 13, 14, 16, 21, 23, 24, 26].

Definition 2.1. By a BCH-algebra, we mean an algebra (X, «,0) of type (2,0) satisfying the axioms:

(1) xex=0 (2) xey=0and yex=0imply X =y (3) (Xey)ez =(xez)ey

Forall X,y,z e X.

In a BCH-algebra, we can define a partial ordering " <" by X < yifandonly if xey =0.

A BCH-algebra X is said to be non-negative if 0® X =0for all X € X.

Proposition 2.2. In any BCH-algebra X, the following are true, for all X,y € X.

(1) xe(xey)<y (2) Oe(x ey)=(0ex)e(0ey)

(3) x e0=x (4) X<0Qimplies x =0

Definition 2.3. A non-empty subset | of a BCH-algebra X is called an ideal of X if

(1) 0el,

(2 xeyeland yelimply Xel , forall X,y e X.

Definition 2.4. A non-empty subset | of a BCH-algebra X is called a commutative ideal of X, denoted by | > X,
if it satisfies (1) and (2), where

Hoel,

(2) (xey)ezeland ze limply xe((ye(yex))e(0e(0e(xey)))<l,foral x,y,ze X.
Proposition 2.5. A commutative ideal of a BCH-algebra must be an ideal, but the converse does not hold.

Proposition 2.6. Let X BCH-algebra. Then | > X, ifand only if Xxey e | thenforall X,y € X ,

X e((ye(yex)e(Oe(Qe(xey))el.
Definition 2.7. Define a mapping f :(X,e,0)—(X,*0)of BCH-algebras a homomorphism if

f(xe)=f(xX)* f(y),foral x,ye X.
Definition 2.8. A fuzzy subset of an arbitrary X, we mean a function z: X —[0,1]and [0,1] for all fuzzy
subsets of X. We call the set £, ={X € X : z(X) = S}an upper level of z forall s [0,1].

Definition 2.9. Let ¢: X —Y be a function such that z:X —[0,1]and v:Y —[0,1]. We define
o(r)(y) :SUp{,u(X)|X e X,o(X) = y}and @ (V)(X) =V(e(X))forall Xe X and yeY .
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Definition 2.10. Define a t-norm T as T : [0,1]x[0,1] — [0, 1] such that for all X, y,z €[0,1]:
(1) T(X,1) = X (neutral element) (2) T(X,Y)<T(X,2)if y <z (monotonicity)
(3) T(X,¥) =T(y, X) (commutativity)  (4) T(X,T(y,2)) =T(T(X,Y), z) (associativity)
Itis clear that if X, > X,and Y, 2 Y,, then T(X,Y,) 2T (X,,Y,).
Example 2.11. (1) Standard intersection t-norm T_ (X, y) = min{X, y}.
(2) Bounded sum t-norm T, (X, y) = max{0, x+y —1}.
(3) algebraic product t-norm T, (X, Y) = Xy.
y if x=1

(4) Drastic t-norm , Ty (X, y) =4 X if y=1
0 otherwise

min{x, y} ifx+y>1

5) Nilpotent minimum t-norm, T, (X,Y) = o
(o) e (%) { 0  otherwise.

0 if x=y=0
(6) Hamacher product T-norm, THo (X, y)= Xy

———=  otherwise.
X+ Y+ Xy

The drastic t-norm is the pointwise smallest t-norm and the minimum is the pointwise largest t-norm:
To (G Y)ST(XY)<T .. (X,y) forall X,y e[0,1]

We say that T be idempotent if for all X €[0,1]we have T (X, X) = X.
Definition 2.12. The functions T, : I,_;[0,1] —[0,1] are defined by

T (X X0 X ) =T (X, T (X Xy X gy Xisgaeees X))
Forall 1<i<n,where N<2suchthat T ,=T and T, =id (identity).

Using the induction on n, we have the following two lemmas.

Lemma 2.13. Let T be a t-norm. Then for every X, Y; €[0,1], where 1<i<n,and n> 2, we have

Tn(T(Xl’ yl)’T(XZ’ yz)v'"’T(Xn’ yn)) :T(Tn(xl’XZ""’ Xn)'Tn(yl’ y2""’ yn))

Lemma 2.14. Let T be a t-norm. Then for every X, X,,..., X, €[0,1], where N> 2, we have
T, 00 X0 X)) =T LT T (X X0)0 %) %), %) =T (T (X0, T (XKoo T (Xgy ooy T (X g0 X))
Definition 2.15. Let z,v: X —[0,1] define znv: X —[0,1] as (zzV)(X) =T (z(X), V(X))

Forall X e X.
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Definition 2.16. Let x:X —[0,1Jand v:Y —[0,1] The Cartesian product of zand Vis denoted by
uxVv:XxY —[0,1]is defined by (1xV)(X,y) =T (u(x),v(y))forall (X,y)e X xY .

Lemma 2.17. Let T be a t-norm. Then forall X,y ,w,z [0,1]:

T(T(X! y)!T(W! Z)) :T(T(X! W)!T(y1 Z))!

I1l. FUZZY IDEALS AND COMMUTATIVE FUZZY IDEALS OF BCH-ALGEBRA
ACCORDING TO T-NORMS
Definition 3.1. Define x: X —[0,1]as a fuzzy ideal of BCH-algebra X under t-norm T if it satisfies the
following inequalities for all X,y € X :
(1) p(0) = u(x) @) p(x) 2T (u(x ®y), u(y))
Denote by FIT (X), the set of all fuzzy ideals of X under t-norm T.
Example 3.2. Let X ={0, 2,4, 6}be a set as following Cayley table:

e |0 2 4 &
0/0 0 0 0
212 0 0 4
414 4 0 o0
6|6 6 6 0
0.55 if x=0
Then (X .,0) is a BCH-algebra, Define - X —» [0 Tas 1(x) = 03 T X=2
en , 9, IS a -algebra. berine . —> ,1]as = .
) # =045 if x=4
0.25 if x=6

Let T(a,b) =T, (a,b) =abforall a,b €[0,1] hence 1 < FIT(X).
Proposition 3.3. If 1 e FIT (X)), then
(1) s order reversing, 1.e., X< yimplies z(X) > u(y), forallx,y € X.

@) u(xe(xey))> u(y), forall x,y e X.
Proposition 3.4. Let 1 € FIT (X) of anon-negative BCH-algebra X. Then u(Xx e y) > u(X) forall X,y € X.

Proposition 3.5. Let ube a fuzzy set of non-negative BCH-algebra X. Then < FIT(X)if and only if

xey < zimplies u(X) >T (u(y), u(z)) forall x,y,z € X.
Proof. Suppose e FIT(X)and Xey<Zzthen Proposition 3.3 gives us z(Xxey)> u(z)and so
H(X) 2T (u(xey), 1Y) 2T (1(2), p(y)) =T (2(y), 1(2)).

Conversely, let Xeoy < zimplies (X)) =T (u(y), 1£(2)). As Proposition 2.2 we have Xe(XeYy)<Yyso
H1(X) 2T (p(xey), u(y)) hence 1€ FIT(X).
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Proposition 3.6. Let ube a fuzzy set of non-negative BCH-algebra X. Then < FIT(X)if and only if
xeoy<zimplies (X)) =T (u(y), u(z)) forall x,y,z € X.

Proof. If a BCH-algebra X is non-negative, then O® X =0then (OeX)eXx=0ex=0hence Qe X < X for all
X e X.then ££(0) =T (14(X), ££(X)) = 1(X). Therefore Proposition is true by Proposition 3.5.

Proposition 3.7. Let T be idempotent. Then gz € FIT(X)if and only if g, ={x € X : p(X) = s} = be an
ideal of BCH-algebra X for every s € (0,1].

Proof. Let € FIT(X)and X,y € X.Then 1(0) > x(X) > s and then 0 € . Also let X® Y € 14

and Y e . Then p(X) =T (u(xey), u(y)) =T(S,s) =Sthus X € g will be an ideal of BCl-algebra X for
every s <[0,1].

Conversely, let £ be either empty or an ideal of BCH-algebra X for every S €[0,1].Let S=T (u(xeY), (y))

with Xey e g and Y € 14,. Then X € 1, thus

p(X) 2 s =T (u(xey), u(y))
so i € FIT(X).

Example 3.8. Let X ={0, 2,4, 6,8,10}be a set as following Cayley table:
0

=
o

O 00 00 00 0|00

4
0
0
0
6
8

oo hRNO|O
oo h~NO
0o~ OOIN

[y
o®@®oOo h~NOIO
O O 00 O 0

10 |10 10 10 2
Then (X, e,0) is a BCH-algebra. Define z: X —[0,1] as

0.9 if x=0
0.7 if x=2
06 if x=4
X) =
#OO=105 it x=6
03 if x=8
X

0.1 if

Let T(a,b)=T, (a,b)=abfor al abe[0Ihence peFIT(X). Assume S=0.5which
Uy ={X € X u(x)>0.5}={0, 2,4, 6} such that
|

o

6

DB NO|e
oA DNO
o OOIN
OO OOl
oOR~NO

and so g4, ; will be an ideal of BCH-algebra X.
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Corollary 3.9. Let T be idempotent. Then x2 € FIT(X) ifandonly if A ={xe X : z(X) > p(%;,)} = Dbe

an ideal of BCH-algebra X for every X, € X.

Corollary 3.10. Let T be idempotent. Then & € FIT(X)ifand only if A={x e X : z(X) = £(0) = D be an
ideal of BCH-algebra X.

Definition 3.11. Let z: X — [1.0] bea fuzzy subset of X. Define 1" : X —[0,1]as z* (X) =T (4, (X)) for
all Ae[0,1]and X e X. Also we can define 2*® : X —[0,1]which 2“® (x) =T (w(a), (X)) for all
a,xeX.

Proposition 3.12. Let z € FIT(x) and T be idempotent. Then z* € FIT (X)forall A €[0,1].

Thus £ (X) =T (1" (x oY), 1" (y)). Then 1" € FIT(X).
Example 3.13. Let X ={0,1000, 2000, 3000} be a set as following Cayley table:

e | 0 1000 2000 3000
0 0 1000 2000 3000
1000 | 1000 0 3000 2000
2000 | 2000 3000 0 1000
3000 | 3000 2000 1000 O

Then (X,e,0) is a BCH-algebra. Define z: X —[0,1] as

05if x=0

0.3 if x=1000
0.4 if x=2000
0.2 if x=23000

u(x) =

and 1°%:X —[01]as 1*%(x)=T(0.8, (x))for 0.8<[0,1]. Let T(a,b) =T,(a,b)=ab for all
a,b e[0,1] hence x e FIT(X)and x* € FIT(X).

Proposition 3.14. Let 22 e FIT(X)and T be idempotent. Then £“® e FIT (X) forall a [0,1].
Proposition 3.15. Let g e FIT(X)then ' (X)= f(u(x))eFIT(X) for all Xe X and increasing
functions f :[0,1] —[0,1].Then x" € FIT(X).

Proposition3.16. Let x € FIT (X) of a non-negative BCH-algebra X. Then

v(X) =inf{u(xey):ye X}e FIT(X) forall Xxe X.

Proposition 3.17. Let gz FIT(X)and ve FIT(X). Then v e FIT(X).

Example 3.18. Let X ={0,1, 2,3, 4} be a set as following Cayley table:
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~AwnNDPEROle
~wNEFE OO
WWN OO
WO on
P OWhAwow
QO Wwhih

Then (X,e,0) is a BCH-algebra. Define fuzzy subsets £,V :(X,e,0) —[0,1]as

0.5 if x=0 0.7 if x=0,3
#(x)=40.3 if x=1,2 " v(x)=<04 if x=14
0.1if x=3,4 0.2 if x=2

let T(a,b) =T,(a,b) =abforall a,b [0,1]then x,ve FIT(X). Also £znv:X —[0,1] will be as

0.35 if x=0
0.12 if x=1
(uV)(X) =T, (u(x), (v(x)) = p(x)v(x) =10.06 if x=2
0.07 if x=3
0.04 if x=4

Thus v e FIT(X).
Corollary 3.19. Let 44  FIT(X)for i =1,2,3,4,...,n. Then M, _,,, 4 €FIT (X).
Proposition 3.20. Let e FIT(X)and ve FIT(Y). Then uxve FIT(X xY).

Example 3.21. Let X ={1,2,3,5}be a set as following Cayley table:

wn W= 0ole
~ W= OO
SO OO~
SO O WL O|W
O W W Ol

Then (X, e,0) is a BCH-algebra. Also let Y ={0,—1,—3,—5} be a set with

e |0 -1 -3 -5
o/lo o0 -5 -3
1/-1 0 -5 -3
303 3 0 -5
515 5 3 0

Define fuzzy subsets z2: (X,e,0) —[0,1] as
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05 if x=0
04 if x=1
0.3 if x=3
0.2 if x=5

u(x) =

and v:(Y,e,0) —[0,1] which
0.6 if y=0
0.2 if y=-1
V() =1,
0.1if y=-3

04 if y=-5
let T(a,b)=T, (a,b)=abfor all a,be[01] then peFIT(X)and veFIT(Y). We get that

X xY :{(O! 0)1 (0’ _1)1 (0’ _3)’ (O! _5)’ (11 0)’ (11 _1)’ (11 _3)! (11 _5)1 (31 0)’ (3’ _1)1 (3! _3)! (3’ _5)’ (5’ 0):
(5,-2),(5,-3),(5,-5)]. Define uxv: X xY —[0,1] as

0.3 if (x,y)=(0,0)

0.1 if (x,y)=(0,-2)

0.05 if (x,y)=(0,-3)

0.2 if (x,y)=(0,-5)

0.24 if (x,y)=(,0)

0.08 if (x,y)=(@-2),(5,-5)
(V) (%, y) =T, (u(x), (v(y)) = u(X)v(y) =10.04 if (x,y)=(1-3),(5,-1)
0.16 if (x,y)=(@,-5)

0.18 if (x,y¥)=(3,0)

0.06 if (x,y)=(3,-1)

0,03 if (x,y)=(3,-3)

0.12 if (x,y)=(3,-5),(5,0)
0.02 if (x,y)=(5,-3)

Hence pxV e FIT (X xY).

Corollary 3.22. Let z € FIT(X,)where 1<i<n, then

u=]Tu<FTCX=X)

with

8
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forall X = (X, X,,..., X,) € X.

Proposition 3.23. Let x and v be fuzzy subsets of a BCH-algebra X. if #xVv e FIT (X x X), then

(1) 1(0)> pu(x)orv(0)>v (x)forall x eX (2)v(0)> u(x)orv(0)>v (x)forall x eX

(3) 1(0) > p(x)or u(0)>v (x)foral x eX (@) ueFIT(X)orveFIT(X).

Proof. We prove only (4). Let X,ye X and from (1) we get that £(0)> u(x). As (2) we give
(xV)(X,0) =T (1(x),v(0)) = (X) andas uxVv e FIT (X x X)we will have

(pxv)(%,0) =T ((xV)(x,0) ¢ (y,0)), (£ xV)(y,0))
=T((uxv)(xey,000),(uxV)(y,0))
=T((uxv)(xey,0),(uxv)(y,0))
=T (u(xey), u(y))

thus (uxV)(X,0) =T (r(xeYy), (1(y)). Therefore g€ FIT (X). The proof of v e FIT (X) s similar.

Proposition 3.24. Let X be a non-negative BCH-algebraand € FIT (X x X). Then

(1) pu(xey,zet)> u(x,z) forall X,y,z,t e X.

(2) p(%,0) > p(x,y)and £(0,y) > p(x,y)forall X,y e X.

Proof.

(1) As  (xey,zet)e(x,z)=((xey)eXx (zot)ez)=((XxeX)eY),(z02)et)=(0ey,00t)=(0,0)
hence (X®Y,Zet) <(X,Z). Now Proposition 3.3 gives us that z(Xe Y,z et) > u(X, z).

(2) Since (x,0) # (x, y) = (x e x,00y) =(0,0) and (0, y) *(x,y) =(0ex,y*y) =(0,0) so (x,0)<(x,y)
and (0,y) <(X,y)then 2(x,0) > z(x,y)and z(0,y) > u(X,y) forall X,y € X.

Proposition 3.25. Let X be a non-negative BCH-algebra and z € FIT (X x X). Let % : X —[0,1] which
12 (X) = u(x,a) forall a,x e X. Then 1* € FIT (X).

Corollary 3.26. Let X be a non-negative BCH-algebra and £z € FIT(X x X). Let #*: X —[0,1] which
1 (X) = u(a,x) forall a,xe X. Then 1* € FIT(X).

Definition 3.27. Let u,v: X x X —[0,1] be two fuzzy relations on a set X. Then gov: X x X —[0,1] isa

fuzzy relation on a set X, where it defined as

(eeov)(x, y) =sup{T (u(x,2),v(z,y)) : 2 X}
Forall X,y,z e X.

Proposition 3.28. If e FIT(X) and ¢:(X,,0) — (Y,*,0) be a homomorphism of BCH-algebras, then
@(u) e FIT(Y).

9
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Proposition 3.29. If ve FIT(Y) and ¢:(X,e,0) — (Y,*,0) be a homomorphism of BCH-algebras, then
@ (V) e FIT(X).
Example 3.30. Let X ={1,2,3,4,5}be a set as following Cayley table:

e |0 1 2 3 4 5
00 0O O O 4 4
111 0 0 1 4 4
212 2 0 2 5 4
313 3 3 0 4 4
414 4 4 4 0 O
515 5 4 5 2 0
Then (X,e,0) is a BCH-algebra. Also let Y ={0,—1,—2,—3} be a set with
e | O -1 -2 -8
00 0 0 O
-1]1-1 0 0 -1
2|12 -2 0 -2
313 -3 -3 0

Define fuzzy subsets z2: (X, e,0) —[0,1] by

0.6 if
0.5 if
0.4 if
0.2 if
0.1 if
0.3 if

I
o b N PO

#(X) =4

X X X xX X X
Il

and v:(Y,e,0) —[0,1] which

05 if y=0
0.4 if y=-1
0.3 if y=-2
0.2 if y=-3

v(y) =

let T(a,b) =T, (a,b) =min{a,b}forall a,b e[0,1]then zze FIT(X)and ve FIT(Y).
Define ¢: X —Y as

0if x=0

-1if x=14

-2 if x=2,3

-3 if x=5

@(X) =

then

10
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0.6 if y=0
05if y=-1
P =104 if y— 2
03if y=-3

therefore @(12) € FIT(Y).Also @™ :Y — X will be as

05 if x=0
04 if x=14
0.3 if x=2,3
0.2 if x=5

@ (V)(X) =V(p(x)) =

then @ (V) € FIT(X).

Definition 3.31. A fuzzy set z of a BCH-algebra X is called a commutative fuzzy ideal of X according to t-norm
T if it satisfies (1) and (2), where

(1) 1(0) 2 p(x),

) p(xe((ye(yex))e(0e(0e(xey))))) 2T (ul(xey)e2),1(2)),

forall X,y,z e X. Denote by CFIT(X), the set of all commutative fuzzy ideals of X under t-norm T.

Proposition 3.32. Assume T be idempotent. Then x e CFIT(X)ifand if g ={xe X : u(x) > s}
be a commutative ideal of BCH-algebra X for every s < (0,1].

Corollary 3.33. Let T be idempotent. Then 1€ CFIT (X)ifandonly if A ={Xx & X : z(X) 2 p(X,)} # D

be a commutative ideal of BCH-algebra X for every X, € X.

Corollary 3.34. Let T be idempotent. Then gz e CFIT(X)ifand only if A={x e X : z(X) = u(0)} = D be
a commutative ideal of BCH-algebra X.
Proposition 3.35. Let zze CFIT(X)and ve CFIT(X). Then znv eCFIT(X).
Example 3.36. Let X ={0,—10,—20,—30}be a set as following Cayley table:
e | 0O -10 -20 -30

0 0 0 0 0
-10 | -10 0 0 0
-20 | -:20  -20 0 0
-30 | -30 -30 -30 0
Then (X, e,0) is a BCH-algebra.

Define fuzzy subsets £,V :(X,e,0) ->[0,1] as

11
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0.9 if x=0
0.2 if x=-10
HI=101 if x= 20
0.4 if x=-30
and
0.7 if x=0
v(x)=10.5 if x=-10,—30
0.8 if x=-20

let T(a,b) =T, (a,b) =abforall a,b [0,1] then 1, v e CFIT(X).

Also NV : X —[0.1] will be as

0.63 if x=0

0.1 if x=-10
(,leV)(X)=TP(/U(X)1V(X))Z/U(X)V(X): 0.08 if x=-20

0.2 if x=-30

thus v e CFIT (X).

Corollary 3.37. Let 44 c CFIT(X)for i =1,2,3,4,...,n. Then M, _;,, 4 €CFIT (X).

Proposition 3.38. Let £ CFIT(X)and ve CFIT(y). Then uxv e CFIT (X xY).

Example 3.39. Let X ={0,10, 20,30} be a set as following Cayley table:

e | 0O 10 20 30

00 0O 0 O
1010 0 0 O
20120 10 O 10
30130 30 30 O

Then (X,e,0)is a BCH-algebra. Also let Y ={0,—1, —2, -3} be a set with

° o -1 -2 -3
0|0 O 0 O
111 0 0 O
212 -1 0 -1

3]1-3 -1 -1 0
Define fuzzy subsets z2: (X,e,0) —>[0,1] as

0.6 if x=0
0.1 if x=10
0.4 if x=20
0.3 if x=30

(X)) =

and v:(Y,e,0) —[0,1] which
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0.8 if y=0

05 if y=-1
v(y) = :

03 if y=-2

0.1 if y=-3

let T(a,b)=T,(a,b)=abfor all a,be[0,1] then xeCFIT(X)and VeCFIT(Y). We get that
X xY =(0,0),(0,-1),(0,-2),(0,-3),(10,0),(10,-1), (20,-2),(10,-3), (20,0), (20,-1), (20,-2), (20,-3),
(30,0),(30,-1),(30,-2), (30,—3). Define uxv: X xY —[0,1] as

0.48 if (x,y)=(0,0)
0.3 if (x,y)=(0,-1)
0.18 if (x,y)=(0,-2)
0.06 if (x,y)=(0,-3)
0.08 if (x,y)=(10,0)
0.05 if (x,y)=(0,-1)
0.03 if (x,y)=(10,-2),(30,-3)
(xv)(%, y) =T, (u(x), (v(y)) = u(x)v(y) =1 0.01 if (x,y)=(10,-3)
0.32 if (x,y)=(20,0)
0.2 if (x,y)=(20,-12)
0.12 if (x,y)=(20,-2)
0.04 if (x,y)=(20,-3)
0.24 if (x,y)=(30,0)
0.15 if (x,y)=(30,-1)
0.09 if (x,y)=(30,-2)

hence uxv e CFIT (X xY).
Corollary 3.40. Let £ € CFIT (X;) where 1<i <n, then

=TTt CRITQUTX, = X) witn 0= 4406 X ) =T, 2105, 1,05 ))

forall X = (X, X,,..., X;) € X.
Proposition 3.41. If e CFIT(X)and ¢:(X,,0) — (Y,*,0) be ahomomorphism of BCH-algebras, then

o(u) eCFIT(Y).
Proposition 3.42. If ve CFIT(Y)and ¢:(X,e,0) — (Y,*,0) be a homomorphism of BCH-algebras then

¢ (V) e CFIT(X).
Proposition 3.43. Any CFIT(X) will be FIT(X).
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Proof. Let 12 € CFIT (X)and let X,z € X.Then

H(X) = u(x*0)
= 1(xe((Oe(0Oex))e(0e(0eXx))))
= p(xe((0e(0ex))e(0e(0e(xe0)))
2T (u((xe0)e2), u(2))
=T(u(xe2), u(2))
thus £(X) >T (z(x ®2), 14(2)). Consequently 2 € FIT (X).
Remark 3.44. The converse of the above proposition may not be true as shown in the following example.

Example 3.45. Let X ={0,100, 200,300, 400} be a set as following Cayley table:

e | 0O 100 200 300 400
0| o0 0 0 0 0
100 {100 0 100 O 0
0
0

200 | 200 200 O 0
300 | 300 300 300 O
400 | 400 300 400 300 O

(X,e,0)is a BCH-algebra. Let t),t,,t, €[0,1] be such that t, >t, >t,. Define zz: X —[0,1] as

t, iIf x=0
u(x) =4t if x=100
t, if x=200,300,400.
By simple calculations show that zz € FIT (X) but 22 ¢ CFIT (X). Putx =200,y =300,z =0in

p(xe((ye(yex))e(0e(0e(xey))))) =T (u((x)*2), 14(2))

we get that
(200 ¢ ((300 ¢ 200)) e (Oe (0 (200 300))))) = T (£((200 @ 300)e), £2(0))
Thus
#4(200#((300#300) ¢ (0 (020)))) > T(x(00), 1(0))
hence

(200 (0 (00))) =T ((0), 1(0))
and ££(200e (00)) >T (14(0), 14(0)) = 4(0)so 1(2000)) > t, thus ££(200) >t, then t, >t and this a

contradiction with t; >t >1t,. Hence & CFIT (X).
Proposition 3.46 .Assume € FIT (X). Then ¢ € CFIT (X)if and only if

p(xe((ye(yex))e(0e(0e(xey))) = u(xey)(*)
Forall X,y e X.
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IV. CONCLUSION AND OPER PROBLEM
In this study, as using T-norms, we defined fuzzy ideals and commutative fuzzy ideals of BCH-algebra and
investigated algebraic structure of them. Now one can define and investigated fuzzy ideals and commutative fuzzy
ideals of generalized BCH-algebras according to T-norms as we did for BCH-algebras and this can be an open problem
for future works.
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